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This paper studies the stationary nonlinear Boltzmann equation for hard forces, in a
Taylor-Couette setting between two coaxial, rotating cylinders with given indata of
Maxwellian type on the cylinders. A priori L?-estimates are obtained, and used to prove
a Taylor type bifurcation with isolated solutions and a hydrodynamic limit control,
based on asymptotic expansions together with a rest term correction. The positivity of
such solutions is also considered.
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1. INTRODUCTION

For the stationary nonlinear Boltzmann equation (cfref.)) away from equilibrium,
weak compactness arguments may be employed to prove existence—in the station-
ary case usually involving entropy dissipation control for the sharpest results.
On the other hand, such an approach is too general to provide information about
uniqueness, isolated solutions, or details about fluid limits. That type of results, has
so far had to be based on the asymptotic methods initiated by Grad,®*) Kogan(!'"
and Guiraud!?” in the 1960s and 1970s. For a short review of the development, see
our previous paper,'!) which is mainly concerned with the existence of multiple
isolated solutions and their fluid limits. Those results were obtained with the help
of some technical observations, which are further developed in the present study
dealing with a Taylor-Couette bifurcation for the stationary nonlinear Boltzmann
equation with Maxwellian ingoing boundary values between two coaxial cylinders
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A and B and including the small mean free path asymptotics in a neighbourhood
of the bifurcation point. The paper was inspired by a treatment of the same set-up
by Sone and Doi' from a numerical and asymptotic perspective, to which we
also refer for a discussion of more applied aspects.

The boundary values are assumed to be axially and circumferentially uniform
in the space variables, and the solutions circumferentially uniform and periodic in
the z variable. Then, with (7, 6, z) and (v,, vy, v,) respectively denoting the spatial
cylindrical coordinates and the corresponding velocity coordinates, a distribution
function may be written as f = f(r, z, v,, Vg, v;), and the Boltzmann equation
becomes

v,.a—f + vzal + lNf = lQ(f, 1), re(rarg), (v, ve,v:) € R (1.1)
ar az r €
With respect to the axial variable z the functions f are either constant or periodic
(and for simplicity with period 73 — r 4 in a main case discussed). The Maxwellian
ingoing, axially uniform boundary data under study are

Yy S z,0) = ! _e 2@ mama P R ) S )
(2m)2
(1.2)
vyt frp.z,v) = (277)%8—%1)2, b <0.
Here
d d
Nf = vgal}; - vﬁvréa
(1.3)
O(f. ) : = /m  BO = v ([0S = f0)fw)Mdv.do.

The kernel B = |v — v,|Pb(0), b € LL(5%), 0 < B < 1, is of hard force type and
assumed to belong to the Grad class, that is with its terms suitably majorized
by the corresponding ones for the hard sphere model (cf ref.(!?)). The case g =
0 corresponds to Maxwellian molecules and 8 = 1 to hard spheres. Consider
functions with the symmetry

fr, 2,009, 0,) = f(r, =2, vy, Vg, —V,), ¥ € [ra, 78], z € R, v € IR,

Take the radiiasr4 = 1,75 > 1, and let € denote the Knudsen number. The given
rotational velocities of the inner and outer cylinders are in the same direction with
ugq = €ugy; and ugp = 0 respectively. The non-dimensional perturbed relative
temperature and saturated pressure are 73 = P = 0.
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Denote by || . || the usual Lebesgue L2-norm — with the weight M added in
case of velocity space — and set for 1 < ¢ < +o0,

L=l = (/M(v)(ﬁf(x,v)wdx)qdv) < tool,

where M = (27)"3 exp (—7) Write R = frog = Po fuest + (I — Po) frest =
Ry + R, where P, is the orthogonal projection on the hydrodynamic part, and

Ji
f=M1+@+efro) with g =) e/ d/. (1.4)
1

Here /' €/ ®/ is an asymptotic expansion with the boundary value of the ®-
terms up to some suitable order > j; equal to the terms of corresponding order in
the e-expansions of (1.2).

The first result concerns existence of isolated, axially homogeneous Couette
solutions for (1.1-2).

Theorem 1.1. For0 < €, 0 < rg — ry small enough, there is an isolated axially
homogeneous solution of (1.1-2). When € tends to zero, the corresponding hydro-
dynamic moments of ¢ converge to solutions of the limiting fluid equations at the
leading order €.

After a preliminary asymptotic analysis, this is proved in Section 2 and uses
the techniques developed in.(!) It is followed in Sections 3—5 by a Taylor Couette
bifurcation result.

Theorem 1.2. For 0 <€, 0 <rg —ry small enough, there is a smallest bi-
furcation value ug 45 > 0, such that for 0 < ugy < ugp there exists an axially
homogeneous solution to the problem (1.1-2), which at ug 4, bifurcates with a
steady secondary solution appearing locally for ug 4p < ug4 Which is axially sym-
metric and axially (rg — r 4)—periodic. When € tends to zero, the corresponding
hydrodynamic moments converge to solutions of the limiting fluid equations at the
leading order € (which are of Taylor Couette type for the bifurcated solution).

The positivity of such solutions is discussed in Section 5. In particular it is
proved that

Theorem 1.3. The solutions obtained in Theorems 1.1-2 are strictly positive in
the case of Maxwellian molecules.
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The present section introduces the problem area and the main results to-
gether with the plan of the paper. The smallness condition on 7z —r, in the
theorems can be removed by extending the asymptotic expansions to higher
order.

Section 2 is devoted to the axially homogeneous case (cf ref.(!:!3) with a
proof of Theorem 1.1. The presentation is brief, having much in common with
similar results for the more involved context in ref.!). For the convenience of
the reader, the bifurcation point for the Taylor rolls bifurcation is discussed in
Section 3 through a fairly self-contained presentation. Section 4 considers the
behaviour of the asymptotic expansion in a neighbourhood of the bifurcation
point including a priori estimates. It uses a detailed Fourier expansion study, and
builds on prior control of the fluid Taylor Couette situation — for an overview
see ref.™.

In Section 5 the rest term is studied. The hydrodynamic part considers each
moment separately, and the proofs involve the detailed behaviour of the hydrody-
namic terms in the asymptotic expansion. This is followed by an existence proof
beyond the Taylor Couette bifurcation point via a contraction mapping based on
the earlier a priori estimates. The final Section 6 studies the positivity of solutions
to (1.1-2) using a related equation (see (6.1) below) with better positivity prop-
erties. The proof introduces a variant of (1.4), where for Maxwellian molecules
the positivity of the asymptotic expansion 1 + ¢ is under control. For numerical
results related to this paper cf ref.(!4).

Writing the solution of (1.1-2) as f = M(l + ®), the new unknown
(7, z, v,, vy, v;) should solve

o d 1 1 . ~
V— 4+ v,— + -NO=—-(LD+ J(D, D)), (1.5)
ar iz r €
B(1, v) = ez —wmewa)) 1y S0, (1.6)
d(rg,v) =0, v, <O0. (1.7

Here J is the rescaled quadratic Boltzmann collision operator,

- 1
T@nw =3 [ B v M@ + SN )

— ()Y (V) — P (vi))dv.do,

and L is this operator linearized around 1,

(L)) : = /m B v oM@ + 00 — B(v.)

— ®(v))dvdw = K(®) — 1.
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Denoting by @ 4; the jth order coefficient of ®(r,) with respect to €,

2
D41(v) = upavg, Par(v) = 2 A (—1+4vp), (1.8)
1 1
® 5(v) = uGA (—ve + §v93> . (1.9)

2. THE AXIALLY HOMOGENEOUS SOLUTION

An axially homogeneous solution ® will be determined as an approximate
asymptotic expansion ¢ of order 2 with boundary values of first and second orders
being & 4;, P, (=0), 1 <i <2, plus arestterm €R,

O(r, v) = @(r, v) + €R(r, v),

with

r—1
¢(V,U)=€¢H1(F,U)+62(¢H2(V,U)+(DK2A( z ,U>

+ Pk2p <r _GFB ; U)) : (2.1

Recall (cfref.©). that L(vyv, B) = vgv,, L(v, A) = v,(v> — 5) for some functions
B(|v|) and A(|v]), with vev, B(|v|) and v, A(|v|) bounded in the L3 -norm. Set
= [v}iBMdv, w, = fvaMdv wy = [V’ AMdv.
In the asymptotic expansion the Hilbert terms ® 5 and @ g, satisfy

Loy = Loy + J(@u1, Pu1) —v- v Pp1 = 0.
They are given by
S u1(r, v) = b1(P)ve, (2.2)

1 1 -
Dyo(r,v) = ay + d2v2 + byvy + v, + Eb%vg + (b/l — ;bl) v B, (23)

b= 5 (i—r),

1
(@ +5d) +biby = ~bt = 0. exr) =2, (2.4)

where for compatibility reasons

1 1 1 1
by + =by — —by = ——(by + ~b1)cs, (2.5)
r r wi r
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U 1 / / 1 '
(w3 — 5w2) (d2 + ;dz) = (bl (b] - ;bl))
/ Mu,(u?® — 5L~ (2J (vg, v,v9 B) — v,.(v} — 1))dv

+ (b]b’l — %b%) / M@?* — 5)N(L™'(2J (v, uyve B) — v,(v3 — 1))dv, (2.6)

for some constant y;. The term / defined by

1. ~
l=-(Lo+J(0.9)—ev - Vi9), 2.7)
is of e-order two provided
- d ~ 9o
L0y =v,—22 [dgop = v, — 22
ar ar

With the term (b} — }bl)vr vy B, the function @y, of (2.3-6) cannot satisfy the
boundary conditions ® 4, (resp. ®p,) at r4 (resp. rp), and boundary layers are

r—rg

added. Denote by n = =4 and u = ~—£.

Proposition 2.1. There are a second-order Hilbert term @, defined by (2.3)
with ay, dy, by, ¢, satisfying (2.4-6), and Knudsen terms ®g,4(n, v), Pgap(i, v)
such that

19 -
2 — [,
an
CI)KZA(O, v) = CI)Az(v) — @HQ(I’A, v), Uy > 0, (28)

lim CDKZA(UV U) = 0’
n—+00

and
0P .
, LELA Lk,
&
@k25(0,v) = Ppa(v) — Ppa(rp,v), v <0, (2.9

lim ®gop(n, v) =0.
J——00

Proof of Proposition 2.1: By® and,'” there are unique solutions vy, ¥, 4 and
Yop to
d .
v,—‘” = Ly,
an

v(0,v) =0, v, >0,
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/wWWwMMv=L

024
an

Uy

= Lo,

407

1 - 1
Y24(0,v) = — (b/l - ;b1> (r4)v,v9 B — 5(“9/1)205, v >0,

/U,¢2A(n, v)Mdv =0,

1 _
Y50, v) = — (b’l — —b1> (rp)v,veB, v, >0,
r

V2B
an

= Lns,

s

fmwmmwMMvzo

Moreover,

lim ¥(n,v) = aw + doov? + bogvg + Uy,

n—>+00

. 2
lim ¥4(n, v) = @24,00 + d24,00V" + 24,0000,
n—>+00

lim Y25, v) = @28.00 + d28.00V* + P25 0o Vg,

n—+00

for some constants deo, doo; Poos @24.005 G24.005 D24.005 A2B.00s d28.00 aNd b2 p oo

Choose

ay(r4) = Y2000 + A24,00 —
V2

ay(rg) = ——aeo + A28 00,
rp

dr(r4) = V2doo + dra 00
dy(rp) = _ﬁdoo + do3 0o,
rp
by(r4) = ¥2boo + D24 .00,
by(rp) = Qboo — b3 00,

rs

ex(ry) = ex(rg) =0.

1
2

04>

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Then
Gras = Vo(¥ — doo — dooV? — by — 1;)
+ V24 — @24.00 — 24,00V — 24,006,
and
r2n (11, v) = =L (W= —0) = o = docd® + bty +v,)
B
+Y28(— 1ty —V) — a28.00 — d2p.00V” + 2B 00V,
satisfy (2.8-9). The first equation. in (2.4) defines a; + 54, if and only if
1 |
(a2 + 5dy)(rg) — (ay + 5dr)(r4) = 5“5/1 + / ;bf(s)ds,

ie.

T (rg 4 D(ase + 5ds)

Y2 <a23,oo — A4,

s
+5d28,00 — 5d24,00 — / —b%(s)ds) .
s

T4

This fixes y», hence ¢, and ay + 5d,. Finally the second-order differential Eq.
(2.5-6) together with the boundary conditions (2.12—15) define b, and d,. O

Some properties of the axially homogeneous /) and f are now studied. As
orthonormal basis for the kernel of L in L%W(H@) we take Yo = 1, Yy = vy, ¥ =
U, Wy = U, Yy = \/Lg(v2 — 3). For functions f € Lﬁ,,([rA, rg] x IR?) we shall use
the earlier splitting into /" = f; + f1L = Pof + ([ — Py) [, such that

fi.0) = folr) - %gfm)
oy + £+ £ + ?ﬁ;(r)vz,
/ M@)(1, v, v®) fL(r, z, v)dv = 0,
[ svoseodo = s, [ drvasevan = s,
[ Mvase v = s [ s pe e = 50,

/szf(r, v)dv = f.(r).



The Stationary Nonlinear Boltzmann Equation 409

Set Df := v,g—f + %Nf with N given by (1.3). Due to the symmetries in the

"
present setup, the position space may be changed from IR® with measure dx,

to IR* with measure rdr. We may also take all functions even in v, giving in
particular f, = 0. The relevant boundary space becomes

LT := {f;lf |~= </ v M@) | f(ra,v) )P dv)
v >0

1

2
+ </ | v, | M(v) | f(rp.v) ? dv) < +00}-
v, <0
We shall use
WO ([ra, 75l x R = WI™ = (f;92f e L4, 9 1Df e L9, y* f e L)
Define

Joiri(r) := / Mupv! fi(r,v)dv, i+j>2, (2.17)

and fyi,/2(r) correspondingly, when there is an extra factor | v |? in the integrand.
The following three propositions were already treated in the more involved
context of ref.(!). and the presentation here is accordingly brief.

Proposition 2.2. Let T)‘%g el Fy,e Lt 2<q < oo, be given. There exists
a unique solution F € W1~ to

1. AN
DF = —(LF+2) e J(F.®)+g). Fpar=Fp, (2.18)
€ =
where the terms ®/ of the axially homogeneous asymptotic expansion were intro-

duced above, and the boundary data Fy, are given on the ingoing boundary 0Q™.

Define a specular reflection operator S at r =ry, rp as Sf(r,v) =
f(r,—v,, vg,v;). We shall need the following estimates in L? for the non-
hydrodynamic part F; .

Proposition 2.3. Let2 < g < +o0, and let F be the solution in W1~ to (2.18)
for g = g. The following estimates hold for small enough ¢ > 0,
€ |SF v+ D1 FLh=e( D igh+et | Fy |-

el £ ll2+ 11 Fo llz + 1l Fo llz + I £ 112)), (2.19)

| D3F ao< e D73g oo +€ 1 | DIF | + | D2 |1). (2220)
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The estimate (2.20) also holds when g has a non-vanishing hydrodynamic compo-
nent g.

Proof of Proposition 2.3: We first turn to the estimate (2.20). For ¢ = 0 and
using [(12) p. 101], F can via a double iteration and splitting of the compact part

K of L, be written as

K/ /
F=U~—U-~—F+Z\F+ Zyg+ Z3y*F, (2.21)
€ €
where
1K' K 21
ViU —U—F| =<cse ¢ |D2F |,
€ € s
B2 F| <es TJ%F‘ o |9t zeel <l il (222)
o0 o0 o0
~ L + 1
VIZyyTF| <c|V21Fp |~
o0

Using (2.21), (2.22) with § small enough, gives (2.20). For € small enough, the
addition of J(F, ¢) to g does not change the result in this part of the proof, neither
does the addition of a hydrodynamic component to g.

The mapping from p=217 x LT into Wi~ given by (g, Fp) — F, with F
the solution to (2.18) for ¢ = 0, is continuous and bijective by [(12), Ch 6.1] for
2 < ¢ < oo. Green’s formula and the spectral inequality for L,

—/Mfifdv zc/Mﬁffdv
for some ¢ > 0, give
€| SF L +[p2Fu) = 5|77 heus + oo Fuf; + e[ Ry
This completes the estimate (2.19) when ¢ = 0. The inclusion of J(F, ¢) to g,
adds ce | D F 'L |4, which is incorporated in the left hand side, and a term
ce(ll Frllz + 11 Fo llz + Il Fo llz + 1l F4 l2)- O

Proposition 2.4. Let g = g + g, (i.e. with a possible hydrodynamic part g in
g). Let F be the solution in W*~ to (2.18). For € > 0 and small enough,

I Ellz+ 0 Follz+ 1 Follz+ 1l Fallz<c(l Fu 2

1 1
gLtz lgrh+ 15 ). (2.23)

N | =

+

| ¥
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Proof of Proposition 2.4: This follows from the proof in, ref.(). where ODE
methods are used. A different Fourier based proof'is given in Section 5 below. 0O

We next turn to the rest term. Given the asymptotic expansion ¢ of (2.1), the
aim is to prove the existence of a rest term R, so that

f=M1+¢+€R) (2.24)

is a solution to (1.1-2) with M~ f € L. This corresponds to the function R
being a solution to

1. i .
DR = —(LR+2J(R, 9) + €J(R, R) +1),
€

with / defined in (2.7). Recall that the asymptotic expansion ¢ is of order two in
€ with correct boundary values up to order two and that / of (2.7) — the pure ¢-
part of the equation - is of e-order two in L¢. Notice that &/ may be constructed
so that D®/ = (I — Py)D®/, hence that/ =1, .

Let the sequences (R"),c v be defined by R® = 0, and

2
1 - . A
DR = — | LR +2) "/ J(R™, )+ g" |, (2.25)
€
j=1
R"™(1,v) = Ry(v), v >0, R"™ g, v)=Rz), v <0. (2.26)
In (2.25-26)
g =€eJ(R",R") +1,

2
_Z2 .
€R4(v) i = T 13 D (g 0) vy >0,
J=1

2
€Rp(v): = — Zé‘i(bj(l"g, v), v <0,
j=1
with R4, Rp of e-order two. We take ugpy = Up4(rg —r4), in order that n =
rg —r4 be independent of an extra condition later imposed on Uy, (beginning
with (3.10) below). This makes the ®/ of order 73 — r4 throughout the paper.
For the rest term iteration scheme (2.25-26) the following holds.

Proposition 2.5. For 0 < ¢, 0 < rg —ry small enough, there is a unique se-
quence (R") of solutions to (2.25-26) in the set X := {R;| DR |4 < K} for some
constant K. The sequence converges in L4 for2 < q < 00, to an isolated solution

of

1,. . N
DR=-(LR+€eJ(R,R)+2J(R,p)+1), (2.27)
€
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R(1,v)=R,4V), v, >0, R@rp,v)=Rz), v <O. (2.28)

When € tends to zero, the corresponding hydrodynamic moments converge to
solutions of the limiting fluid equations at the leading order €.

Proof of Proposition 2.5: Denote by n = g — r 4. The existence result of Propo-
sition 2.2 holds for the boundary value problem

Df:é(if+2j(f,g0)+g),

f(l,v)=RyW), wv.>0, f(rg,v)=Rp(), v, <O0.
Here g = g, and by Propositions 2.3—4

o1 | Y
|D2f 2 < 01<2|V sz|2+|Rb|~)»

1

1
192/ | < €1 (| Vg b o [ DR 2+ | DERy |~). (2.29)

We recall that | F 2| f)%FH |», and that for some constant c,,
1972 D) b 2 | 52 Jool 92 2 | 972J (A1) |0 €2 | 52 |oo] 971 s -
We will next show by induction that
| D2(R™ = R") |, < 16c}c3n | 92(R" — R"™") 1,
| D2R" o < 8c2can.n € IN. (2.30)
Forn = 0, R! is the solution to
DR' = é(le +2J(p, RY + 1),
R'(1,v) = Ry(v), v >0, Rz, v)=Rz@), v, <O,

so that by (2.29) | D2 R! [,< cicane, | D2 R |< 2¢2¢yn. Then, R™2 — R
being solution to

1 . ~
D(Rn+2 _ Rn+l) — _(L(Rn+2 _ Rn+1) +2J((p, Rn+2 _ Rn+l)
€
+€j(Rn+] +Rn, RVI-H _ Rn))’
Rn+2 _ Rn+1 =0 It

satisfies
| ﬁ%(R}H—Z _ Rn-H) |2 < ¢ | Df—%J(Rn-H 4 Rn, Rn+1 _ Rn) |2

< e DR | + | DR |o) | DF(R™T = R") |

<1632y | D2(R™ = RY) |, .
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Moreover,
1 1 1 1
| 92 R |oo<| D2(R™ = R™) oo ot | D2(RP = RY) |oo + | D2 R |,
so that
| 92 R™? | < 8ckean,

for sufficiently small 7 > 0. And so (R") converges to some R, solution to (2.27—
28) in L? for ¢ < co. The contraction mapping construction guarantees that the
solution is isolated. O

Proof of Theorem 1.1: The existence of isolated solutions to (1.1-2) is an im-
mediate consequence of Proposition 2.5. It also follows that, for the corresponding
solutions (1.4), when € tends to zero the hydrodynamic moments converge to the
(Hilbert type) corresponding leading (first) order limiting fluid solution given by
(2.2). |

3. A PERIODIC BIFURCATION OF THE ASYMPTOTIC EXPANSION

Extend the asymptotic expansion of Section 2 by third and fourth order terms
term ®3(r, v) and ®*(r, v), and denote it by

ebivy + € (02 + Pr2a(n, V) + Prop(i, V) + € (@34 + Pi34(n, )
+ D3p(, ) + € (@ay + Pras(n, v) + Prap(u, v)),

where @,, = ® g, of Section 2. This expansion is uniform with respect to the
variable z, and n = %, u = —*. Consider the following z-periodic perturbation
@(r, z, v) of the z-homogeneous expansion,

@(r,z,v) = € (b1vg + 8 cosaz(Uvg + Vv,) + 8(sinaz) Wv. + 82 Usgug )
+ € (2 + Proa + Prop + 8(cosaz)(@f) + Pra1a(n, v) + Proip(1, v))
+8(sinaz) (Wi, + Yxaia + Vi) + 8(930 + Praos + Pr20p)
+ 8%(cos 2az)(92, + Pxara + Prp)
+ 82(sin 202) (2, + Vxana + Vx228))
+é (¢3u + Pr3a + Piap + (cosaz)(py; + Pi3ia + Pk3ip)
+8(sinaz) (i) + Yxsia + Yksis))
+ € (pay + Prag + Piap).

Here all coefficient functions are taken with respect to space as functions of » only.
Look for boundary conditions where only the rotational velocity of first order in €,
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by + 8(cosaz)U + 8%Usg, atr, = 1 deviates from b, by a §2-order term Auy 4. All
the unknowns U, V', W, ... should then vanish at r 4 and 73, except Uy, for which

Uxo(ra) = Auga, Uy(rg) = 0.

Lemma 3.1. Let
I= é(Lw + J(, ) — €v - Vi9).
If8 < eandif (U, V) are solutions to
Lo(U)+qoV =0, L,(V)+4U=0,
Ury=Vr)=V'r)=0 at r=ryr=rg, 3.1
where

1 1 2
Ly(U)y=U"+-U"— <—2 +a2> U, L(V)=V®4Zy®
r r 7
3 3 2o 3 202
(S +22) 7+ (S - )V S+ Y
r2 73 r 4 2

o = 2u9,4 g =— 2a2u9A (i"lzg 1)
‘ N wi(ry — 1) \r? ’

then the function ¢ can be taken z-dependent, and so that | = 1, is of order €* in
L.

The function ¢ is the asymptotic expansion for an axially periodic solution
bifurcating from the axially homogeneous one at uy 4 = ug 4p.

Proof of Lemma 3.1: Replacing in /, ¢ by its expansion implies that
1
| =¢b cosotz(L(golz1 — b Uv2 — by Vv,vg) - (U/ - —U)v,vg
r

0Dk214
an

—(V/vz—i-lez—i-anz)—i-LCD - + Lo
r e z K214 — Ur K21B

0Dkr13
o

I

) + e€dsinaz (L (%21 — b Wvgvz) + aUvv,

+ Lyrkaip — v

, a a
@V — Wyvv, +L ks — v, VK214 VK218
an o

1 1 1 1
+e8? (L((p%o - ‘—‘Uzve2 - ZVzvr2 - EUervg - ZWzvz2 — biUyv})
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1 0D 9
—(Us — ;U20)Ur1)9 + Loy — v, K204 K208>

+ L®krp — vy
o

1 1 1 1
+ €8? cos 2az (L((p%2 — U™} — V0?2 — ~UVv,vg + - W?)

4 4" U3 4
0P od
+L®xog — v —2 | L dgrrp — vyl
an I
2. 2 0VK224
+e§ sin2az | L(Yy — UWuvgv, — VWu,v;) + Lykaog — vra—
n

+ €28 cosaz (L(pf’l +2J(byvg, 7))

d
+ Lykap — vy xnp )
ou

1
+2J (02, Uvg + V') — (v —— (011 + - N§011 + ayfiv.) + LPx314
0Dk314
+2J(b1vg, Pra14) +2J(Uvg + V., Prrg) — NPgoria — UrT

1
+ L®Pg313 +2J(brve, Pi215) +2J(Uvg + Vv, Piap) — F_NCDKZIB
B

0®k313
ou

s

) + €28 sinaz (L7, +2J(bive, ¥i)) + 2J (92, W.)

Iy}
_ ( o g - Nwll agoflvz> + LYksia +2J(b1ve, Yk214)

0
+2J(Wv., Pxoy) — NYkoia — vy Va4

+ Lrgaig + 2J(b1ve, Yka1s)

0Vk31B
ou

1
+2J(Wv,, ®Pkap) — r—NKﬁsz — U ) + O(e").
B

The compatiblity conditions in the €8 cos @z term write

1
aW =—V' ——V. 3.2)
r

And so ¢7, can be taken as

o} = al, +dH vt + b3 vy + cv + e, + biUv + b1 Vv

1 - 1 = 5
+ (U = =U),v9B + =V (v —v})B + aW(: —v})B,
r r
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for some constants all, dlzl, bll, c11 and e11 Moreover,

1//121 = a%l + 8]21 V2 + ﬂlzl vy + ylzl v + n%lvz + by Wogv, — aUvyv, B
—aVuv.B+ Wuv.B,

for some constants o, 87,, B7,, v{ and n?,. Then, the compatibility conditions
of the €25 cos az-term of / are

, 1
(0%1) + ;(0%1) + 0”7%1 =0, (3.3)

I, ) , , 2o 2, 2 ) 2
—(a}, +5d} + D)UY =W + =W+ =V + (S +e? | V+—bU,
w1 r r r wr

3.4
e b V4w (U — —U) + 2w1(U . %U)+ozb1W—a2w1U —o,
(3.5)
af, + 587, = 0. (3.6)
Taking (3.2) into account in (3.5) implies that
LoU+qpV =0.
The compatibility conditions of the €26 sin az-term of / are
(i) + (m) aet; =0, (3.7)
(0‘11 + 5511) =0, (3-8)

1 2 2 1" 1 / 2 / 1
—(ay, +5d7, + b1 U)y=W"'+ W =20°W —a(V' '+ -V). (3.9)
w) r r
Differentiating (3.9) with respect to the variable  and taking (3.4) and (3.2) into
account, implies that
L.V +4qU=0.
It follows that the coefficients g3, ¢3,, Y2, ¢3,, V3, as well as the Knudsen terms

can be defined so that / be of order 4 provided (3.1) holds. O

Lemma 3.2. Let a > 0 be given. There are nonnegative functions u, and vy,
and ugy = ugqp > 0, such that for rg — r 4 small enough, the problem (3.1) has
the solutions {(U, V') = x(uy, v1); x € IR}.
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Proof of Lemma 3.2: The equation LyU = 0 is disconjugate on [1, 3] for any

rg > 1 since
[ (r)7)
Ve + +oa” )y ) dr
1 r

is nonnegative ref.)). Hence there is a continuous Green function G such that for
any continuous function f, the problem

LU= f, U(l)=U(rp) =0,

has the unique solution

rp
Ur)= / G(r,s) f(s)ds.
1
Moreover,
Gr,s)r —D)r —r) =0, (r,s)€[l,rz]?
so that G is non positive. It also satisfies
rG(r,s) =sG(s,r), (r,s)€][l, VB]z,

since
rp rp
/ rLo(U)Xdr :/ rLo(X)Udr.
1 1
By ref.®) the equation
L(¥)=0, V)=V =V'(1)= V(35 =0,

is disconjugate on [1, 7] for 7z — 1 small enough. Hence there is a C?> Green
function H such that for any continuous function f, the problem

LV=Ff VAO)=VeEp=V(1)=V(p) =0,

has the unique solution

rp
Vr) = / H(r,s)f(s)ds.
1
Moreover,
H(r,s)(r — 1*(r —rp)* >0, (r,s)€[l,rs]%
so that H is nonnegative. It also satisfies
rH(r,s)=sH(s,r), (r,s)el[l,rz]*

since

/ rL,(V)Ydr:/ rL.(Y)Vdr.
1 1
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And so, solving (3.1) comes back to finding ug 45 := Uy 4p(rg — 1) and Vll1 >0
such that

2
wl(rf; -1 !
Kvi=(—2—) v, 3.10
11 ( 4attip 11 ( )

where K is the operator defined by

rp rp 2
KV(r) = _/1 /1 H(r, ) (Z—fj - 1) G(s, )V (r)dtds.

K is compact in L(1, r). It maps the cone of the nonnegative functions of L2
into its interior, since G is nonpositive, H is nonnegative, and neither G nor H are
identically zero. And so the Krein-Rutman theorem applies. There is an eigenvector

. .. . 21 2 a1 2
v; > 0 corresponding to a positive eigenvalue of K, (“ZZ L )) = (%

with algebraic and geometric multiplicity equal to one. Denote by

ui(r)y = —q9/1 ’ G(r,s)vi(s)ds, r e[l,rg].

Then any (xu;, xv1), x € IR, is solution to (3.1). O

4. THE ASYMPTOTIC EXPANSION AROUND
THE BIFURCATION POINT

If the trigonometric asymptotic expansion of Section 3 for z in a §%-
neighbourhood of the bifurcation velocity uy 4, were used for the study of the
rest term, then an extra restriction § < € would be required, which in turn would
prevent the study of hydrodynamic limits beyond the bifurcation point. Instead, a
full §-perturbation is now introduced. Fix the z-period to be rz — r 4. Recall that
the z-homogeneous @1, Dy, and P 43 at the bifurcation point should satisfy

Loy = Ldyy+ J(Pu1, i) —v- v, Py =0, 4.1
LOys +2J(Py1, @) —v- Vi ®pn =0, (4.2)
LOpys +2J(Pp1, @us) + J(Pra, Prin) — v v Pz = 0. (4.3)

The first condition in (4.1) implies
Dy (r,v) = ay(r, z) + di(r, z)v2 4+ bi(r, 2)vg + c1(r, 2)v, + e1(r, 2)v,.  (4.4)

These first order terms satisfy the steady secondary Taylor Couette flow problem
with correct boundary values, and are known to be smooth functions with uniform
bounds in a §2-neighbourhood of ug 4. That problem was first rigorously studied
in ref.(!>. using topological Leray Schauder degree, to be followed over the years
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by a number of alternative treatments and expansions — see ref.¥). for references
and an overview.

Denote by the index b when a z-homogeneous term ®; is evaluated at the
bifurcation velocity ug4 = ug4p of Lemma 3.1. With ®y; = &y p + 8@}, j=
1,2,3,4,and CID} given by the smooth solution to the fluid Taylor Couette problem,
we shall next construct @;(x, v, 8) so that (4.1-3) hold, i.e.

8d>1 8(191
Lo +g, —v,—L —v,—L — Nh; =0, (4.5)
ar 0z
_— 8(1% 8@1
Ld>3—|—gu—vr —UZ——th—O (4.6)
ar 0z
IP} IP}
gL—vr——vz——Nh =0, 4.7)
or 0z
with
N ~ 1
gL = 2J(@p1p, @) +8J(D], D)), hy = ;CD},
1

g1 =2J(Pp1, @) +2J (P, P}, hy = ;Cbé,

g1 = Loy +2J(Dy1, @3) + 2J(Puzp, D)) + 2 (D pyap, D)) + 8J (D), D)),
7y = Lol
3 = ’ 3-

To provide the correct boundary values of the problem up to order three,
we add boundary layer corrections to @) and @) of the type in Section
2, where we may use ®} = @} . The previous boundary layer analysis of
Section 2 based on ref. (7) applies, when the equations are taken in Fourier
space for the periodic z-variable. This is so since at the crucial steps in
the decay study for the Milne problem in ref.”). the relevant squared L2 —
integrals in velocity space of the Fourier coefficients can be added to give
(by Parseval’s identity) analogous estimates for the corresponding squared
L? — norms with respect to z of &} and ®). This also holds for their
z-derivatives, which in turn via Sobolev embedding leads to uniform bounds for
the Knudsen layer terms with respect to z. Remaining Knudsen layer bounds,
when in the uniform norm, follow as in Section 2.

The locally uniform smoothness of ® 4 (for small §), implies by (4.5) space-
wise smoothness for Cbé’ | uniformly for small §. The aim of this section is to prove
by Fourier techniques, that the hydrodynamic moments of @) and its derivatives
are uniformly bounded in L ina 82-neighbourhood of the bifurcation point u 4
for small enough €.

rg—1 rp—1 )
2 2
to (s, Z) € (—m, )?, and Fourier expand functions F in the new variables (again
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denoted by (r, z)) as
F(r,z,v) = Z (x"‘j(v)ei(nr-'—ﬁ).
(n.j)ez?

In particular, the hydrodynamic moments Fy, Fy, F,, Fy, and F, become

Fo(r, z) = Z mgjei(nr-kiz)’ Fu(r, z) = Z mzjei(nr-‘rjz)’

(n,)) (.j)

F.(r,z) = Z uffei(nr+jz)’ Fo(r, z) = Z ugfei(mdrjz)’
(n.)) (n.j)

F.(r,z) = Z U i)
(n.)

where
mgj - (oz”j, 1), ij — (anj, Va),
u c =@, ), uy =@V ), ul = (@ ).

Lemma 4.1.  For some & > 0 and for n = “54 small enough, it holds that

| mo(®@3) 2 + | ma(®D) Iz + Il ur(®3) 2 + Il ua(®3) ll2 + Il u=(®3) |12 < c,

Jfor 8§ < 8y and with c only depending on ®  and the ingoing boundary values of
®!.

Proof of Lemma 4.1: Set A := (vV24, ¥4) and w; := (v?v3 B, 1). Recall that
u" =0 due to the symmetry F(z,v,) = F(—z, —v,). Notice that the Fourier
coefficients of the first r-derivative contains a multiple of the boundary value
difference,

(OF : -
o (a_r) = ina™(F) + (27,) &, (n,j)eZ?

whereas for the first z-derivative no such term is present. Set d = (F(wr — 0) —
F(—n + 0))% with d/ its j’th Fourier coefficient in the z-direction. Set

AP = 3i(=1)d) o+ (0 — 0B hY) (g, (v — vE — vD)B)
—in(=1)"d] Ly 37031 vev-B) = 31j(=1)'d;

2
0 (2v2 —vg

+3ni(Quv2 — v)B, hY) — in*(v,2v> — v2 — v} B, (I — Py)ay))
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+3ji((vav. — v?v.)B, h'zlj) —inj(v,2v} — v —v)B, (I — Po)a;’j)
—3inj(v*v. B, (I — Po)ay)) — 3ij*(v,v2 B, (I — Po)ay), (4.8)

AY = 31‘(—1)%1-3{,2 +i(vevz, hY) 4 3n(gy |, v,0:B) + ((—3in(=1)'d] o5
—ij(=1)'dy Q202 +J(g2 1. — v —v))B)
+ 3ni((viv, — v?v.)B, h;j) — 3in(?v.B, (I — Py)ay))
= 3ji(vv2 B, 1Y) = 3inj(v 2B, (I — Po)ty))
—inj(v,2v2 — v2 —v))B, (I — Py)ay))

—ij (vz(2v — v vg)B I - Po)agl) (4.9

Let us first prove that for (n, j) # (0, 0), and with A-indices one lower in (4.10),
i.e. with (2,1) instead of (3,2),

m, = iwl(—l)"d{,r—i—(vr,h;j)—i—\/E}L( 21 )( (1'd], s,
+in(gy v A) +ij(gy v A) +n* (I — P} A, (I = Po)ay)
—j(=1'dy g+ in(=D)"d) (=1 (@) = v AL B
+1j (=" v A, 1) + (U = Pl A, (I = Po)')
+20j (- A, (= Po)e) = (0 (0 = 5), Y))

n . J .
— AV 4+ — A, 4.10
+ 3(n? +j2) rt 3(n? +j2) z ( )

nj 1 . nj i e, Ny i
m2{4=m(( D] s = in(gy, v d) — ij(g) . v-A)

+ij(—l)"agnwj +in(=1)'d] L5+ in(=1)"((v} —v)4, b))
+ij(=1)" (-4, b)) + (v (v* = 5), kYY)
—n((I — Py} A, (I — Py)ay’) — j2((I — P2 A, (I — Py)ary))

—2nj(vv: A, (I — Py)aty )) ; @.11)



422 Arkeryd and Nouri

nj 1

= e (V' 20000 —ine v )

- ij(g;'ﬁ, vev. B) — in(hY, (vé — 202)vg B) + 2ij(hY , vov,v.B)
Fin(=1'd) L s+ ij(=1'dy =0 (= Povive B (I = Poy)

— (I — Po)ogv?B. (I — Po)a) — 2nj(v,vgv. B, (I — Po)a;’f)) ,

(4.12)
n] i 2 AN n i n j
= ——--—-—— A] Aj — = 1 d r,h
2r 3w1(n2+j2)2( .] +n.] )+ (( ) 2.r +(v ))
4.13)
"] i AN 2 n ngj n]
= —-- A J A j 1 d ¥
22 3w](n2+j2)2(n.] r )+ 2+ 2(( ) 2r+(v ))
(4.14)
O

Proof of (4.11):  Take the scalar product of (4.7) with 1, v> — 5, vg, v, and v., and
identify the Fourier coefficients. For (n, j) € Z? itleads to the following equations
for the @ y3-coefficients

—i(=1)'d], +nuy, + juy, —i(v., hY) =0, (4.15)
—i(=1)'d], (s + 107 = 5), &) + (07 = 5), &)

— i(v,(v* = 5), By =0, (4.16)
- i(—l)”dirg + n(vvg, &) + j(vgvs, &) — i2(v,v9, BY) =0, (4.17)
—i(=1Y'd] » +n(}. ed) + j(rv. ay) — i — 5. hY) =0, (4.18)
—i(=1)"d],, + n(vv, of ) + (2, &) — i(vvz, hY) = 0. (4.19)

Then take the scalar product of (4.6) with v, 4 and v. 4, and identify the Fourier
coefficients,

(=1)'d) 7 +in(0} A, &) +ij (004, o)) + (0] = v A )

= 0* = 5). i)+ (&Y. v A), (4.20)
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(—1yd;, i Hin(vv.d, o} Y4 ij (P A, &) + (vov. A, BY)
= (v.(v? = 5), ag”) + (g2 v A). 4.21)
Notice that
Po(v?A) = apy,  Po(v,v.A) =0, Py(v?A) = Ay,
And so, (4.20), (4.21) write
U =35),05) = = (&, v A) + idnmly + (0} = ) A B+ (=1)'d) 4

+in((I — Poyw? A, (I — Po)ay)) +ij(vyv. A, (I — Po)a’;-" ),

(v:(* = 5), o)) = =&Y, v A) + irjmy, + (v A, hY) + (=1)'d] ;o

+in(vv.A, (I — P+ ij((I — POy A, (I — Py)al).
Inserting these values of (v, (v — 5), &) and (v, (v* — 5), &}’) in (4.16) provides
@.110). o
Proof of (4.12): It follows from the scalar product of (4.6) with v, vg B and
vov, B, that

(=1y'd) 2,020 B +in(ive B, o)) +ij(vvev.B. o))
= (vve, @y + (g;ﬁ, v, 06 B) + (V2 — 202)ve B, hY)
( 1) 2vvv3+1n(U,U9UZB a2)+l](U9UB ()[2)

= (vgv:, a;'j) + (g;’jJ_, vev. B) — 2(vgv,v. B, h;j).
Notice that
P()(Urzvgé) = wjvg, Po(v,vgvzl;’) =0, P()(UQUZZB) = wivg.
And so,
(vr v, a;’j) = —(g;'ﬂ_, v,veé) — (v — 2v*)vy B, h"j) + iwlnu;je

+(=1)'d’ +in((I — P())U veB, (I — Po)oz2 )

2,205 B

+ij(vvgv-B, (I — Py,

(Vpvz, 03)) = (g5, vov: B) + 2(veu,v: B, b)) + iwy jub, + (—1)'d .

+in(vvv: B, (I = Po)oy’) +ij((1 — Po)vgv2 B, (I — Py)ary)).
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Inserting these values of (v, vy, o} 7y and (vguv-, a3’ ) into (4.17) gives (4.12). O

Proof of (4.13-14): Equations (4.18-19) can also be written
=3i(=1)"d] , = 3i(v} — v3. k) + n(?, &) + n(v} — vy — 2, )

+3j(vv.,05) =0, (4.22)

= 3i(=1)"d{,. — 3i (v vz, hY) + 3n(v,vz, o) + j(02, o))
+ Qv — v =2, d)=0. (4.23)
Also,
W, o)) = \/gm% + 3m§'{0.

It follows from the scalar product of (4.6) with (2v} — vj — v2)B (resp.(2v? —
v? — v2)B, v,v, B) that

(21.) — U@ — U ]) = _(g2 1> (2Ur2 - U; - U?)B) —}-4111)1}’1143{,

+Bu (v = 20D)B, WYy + (—1Y'd

2 v (2v2—vZ—v2)B
+in((I = Po)v, (20} — v5 —v))B, (I — Po)y’)

—2iwy juy, i — Poyv-2v? — v2 —v2)B, (I — Po)dy),

(2v§—vf—u§,ag’) —(gy . 2v2 — v} — v))B) — 2iwynuy’ + (3v,v2B, hY)

+(=1)"d +in((I — Po)v,(2v> — v} — v})B, (I — Pp)a)

2 v 2ui—v2—v2)B

+4lw1ju22+l](([—P0)Uz(21) — 2 —v})B, (I = Py)a),

(vyvs, oe;j) = —(g'zqﬁ, v,vZE’) + (v.B(v? — v2), hnj) + iwlnugjz + iwljug'{r

+(—1)" +in((I — Po)v v.B, (I — Po)oz )

2vB
Fij((I — Poyo,v2B, (I — Po)aty)).

Inserting these values of (2v2 —v2 —v2, &), (20> —v? —v2, &) and
(v,v2, @) in (4.22-23) gives

nj _ AN nj _ AN
Yr _Ar’ Yz _Az’
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where

Y= n(Vomy, + 3my) + iwi(4n® + 372y, + iwynjuy.,

Y j(x/gmg'{4 + 3m§{0) + iwlnju;‘fr +iw (3n% + 4j2)u;{2

This implies that

nY + vV nAY + jAY

T =AY

which with
nY 4 Y
n2 + j‘Z - \/_m3 4 + 3m3 0 + 4lw1(nu2 I + ]uz z) (424)

gives

. nj nj i - nj nj

Juy, —nuy, = —————(—jAY +nAY). (4.25)

2, 2, 37+ )

Taking the scalar product of (4.6) and 1, gives a second level version of (4.15).
This together with (4.25) leads to (4.13—14). |

Proof of (4.10): It follows from (4.24) and (4.15) that

n 2 nj 4w1 n n 1 ni Cni
m3jo = —\/gm3{4+ —((=1) dﬁr + (v, h j))+ e )( AV 4+ jAV).
This was based on (4.6), (4.7). A corresponding analysis based on (4.5), (4.6)
gives

myly = _\/zmu 4w1(( 1'd3, + (v, B5)) + 3(n 21 )("A'r” + jAY),
(here with the indices in A, and A, correspondingly lowered from (3,2) to (2,1))
and (4.10) follows.

We now specialize g; and 4; to those given by the problem, i.e. whose
expressions follow (4.5-7). An a priori L?-estimate of ®) in terms of
@y, and independent of § close to zero is immediate from the first equa-
tion. We shall next obtain a priori estimates for the hydrodynamic mo-
ments of @), that rely on Parseval’s identity. Given (4.10-14) that will
be used to control the (n, j) # (0,0) Fourier coefficients of the hydrody-
namic moments of dbé, it remains to control the (0, 0)-Fourier coefficients.
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First,

a%%)——/dz Sl — 0) + @Y +0) — Y o@D

n#0

Ay =) a"(®)e™, (4.26)
n#0

where A, = % ffﬂ dz[tbé(n —-0)+ <I>£(—n + 0)]. Notice that A, ; and A,y can

be given in terms of integrals over v, > 0 of Cbi ,(—m) and of CD; , and integrals

over v, < 0 of ®} () and of @} | . They are obviously uniformly bounded for

small § > 0. Three disjoint sets 4; C {v € IR*;v, > 0} can be so chosen that
the three 3-vectors ([, ¥, Mdv, [, YyoMdv, [, y4Mdv), j =1,2,3, are lin-
J 7 J

early independent, and analogously for sets B; C {v € IR*; v, < 0}. Since the
corresponding integrals of ®} (=), ®) | (—), and ®} (), P} | () are uni-
formly bounded for small § > 0, it follows that also A ., A, o, Ay 4 are uniformly
bounded for small § > 0, and analogously for the hydrodynamic moments of 5.
Moreover, for any polynomial P, the moments

/ v, P(v)®)(—7, z, v)Mdzdv, and / v, P(v)®5(, z, v)Mdzdv,
are uniformly bounded w.r.t. §, due to the Green formula. Bounds on such moments,

as well as on A-moments and d-moments obtained in this way and uniform for
small § > 0 will be denoted by Cy below. O

Control ~ of  my(®)). The coefficient m(°(®)) is given by
( UzA(q)z) - OlJ_ UZA(CI>2)> Moreover,
a1 (P3) = Ay 27 — D a1 (P(=1),
n#0
where, by (4.16) and (4.20), for n # 0,

@y = (0 — ), 08") (& v ) — (1)
2,024 ; " ’ 2L 2 v
+((} —vHA, h3%) = ( (- l)n 3u.02-5) T (v”(vz = 5), 15")

H&rw@—(lrhm+«ﬁ—ﬁﬂw?ﬁ.

Here it follows from (4.16) for (n, j) = (0, 0) thatdy s = —(W(* =3), h).
This last term can be controlled like the other terms n—z(v,.(v2 —5), hg’o) =
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#(M)"O, n # 0, using their convolution form and the order of magni-
tude of the Fourier coefficients of } together with (4.20). Hence,

| 1(@3)] < el g2.1 2 +Co).
We now use (4.11) to sum the squares of the ij (@é). There the upcoming sum

i 2
(d;v,.(vzfﬁ))
(n2 + j2)2

2

(n,/)#(0,0)

is estimated using again (4.16), (4.20-21) but without separating out the hydrody-
namics. Namely, d3jv 2-5) is computed from

d] _1y
3v,(v2—5) =" . nj - . n 1j - nj
> Tk > R lin(gy) L v d) —in(=1)"dy , ; +n*(v; 4, o))

n n

+2inj(vv-A, &) + j(gy v A) = ij(—1)'dyy, 0 4
+ 2024, &) — (0. (v* = 5), BY) — in((v? — v2)A, hY)

—ij(uov. A, B},

and here Zn(vf/], oz;'j )(—1)" equals the boundary term Aé’vz ;- The same idea
is used to estimate upcoming ds-terms in the other hydrodynamic o«,-moments
below, i.e. the idea to replace such d3-moment by o, boundary moments plus
easily tractable terms. Notice that (j2(v? — v?)4, ) is a non-hydrodynamic
moment, and that the factor in front of d,{r (W2—5)

2— " . . . .
j~!. For the term % we again use its convolution form together with

(4.20). The scaling from rp — 4 to 27 at the beginning of the section, introduces
an extra factor 7 into the equations, which is explicitly accounted for in the related
Section 5 below. In the present section 1 can be considered as a factor in %, g, L.
Using it and adding up, for small enough n > 0 it follows that

after summation has magnitude

2 2 i
I ma(®3) Il < c( | s b1 @5y B HAgaP ) dy a4 Y dy, g>
J J

=c(lgL Z+1®), 5+Co), 4.27)

uniformly for § in a right neighbourhood of zero.
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Control of my(®})
First,

f

@(®}), v}) = ——mP(DY) + mP(®}) + (I — Po?, a™(Dy)),

and we use the former control of m{*(®}), (4.26) for (®)), and the 2-version
of (4.18) for (af?, v?), i.e.

[
(@"(®),07) = ~(=1)'dy 2 + (0] = 0], B5").

Then, for (n, j) # (0, 0), equation similar to (4.18-19), but obtained from Eq.
(4.6), imply that, for ®!,

; 2
n(mg/ (@) + \/g (@) +n(v}, (I — Po)a™ (9)) + j(vrvz, (I—Po) ()
=i((v} — v? hnj)—}-( 1)'d rz),
; 2
J(mg (@3) + /; Y (@) + j(2, (I = Po)a™ (D) + n(vevz, (I — Po)ar™ (D}))

= i((vv:, BY) + (= 1)"d],.).

Multiplying the former by nZLﬂZ and the latter by #, implies that

nj ¢l 2 nigl n’
my (®y) = — 34 (®) + RE
72

+

j2<v3, (I — Py)a™ (®3))

2+ 52 (I~ Po)ot"’(q)z))+2 + 5 (rvz, (L — Po)d"’(q)z)))

Ty 2+ 2! <( 'd] . + (05 = v, hnj))
l] nj n yJj
T ((v,vg, B7Y 4 (=1) d;ﬂ) .

We thus obtain

A

| mo(®) 15 < c( l g1 B+ 1@, 5 +HA 20+ A3,

UDILERED INED DURED I
J

J
c(lgr 3415, 5+Co). (4.28)
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Control of uy(®})
Similarly to the m4-case,

Il up (@) 13 < c( [ gor 541 @51 15+ 5P+ dys
J

DI 5)=cllnBriol Be). (29)

Control of u,.(®}) and u (®)).
First,

u(@)) = Ay, — > ul (@),
n#0

ul(®)) = Mgz — > ul(®),
n#0

| Ay |< Co, | Az | Co.

Then, for 4, = 0, a direct estimate using (4.13-14) and (4.26) gives

I, (@3) 13 + I u-(®}) |3 c( g b+1®5, 13

+ Y 2+ 2)3(] —nd;,2)+co>.
Gzt

Also here the ds-boundary terms can be removed Namely, ]d dg ., can be

3r2_

estimated using (4.22-23), and the appearing oz3 by (4.6). This gives

I (@) 15+ | uz(P3) 13<c(lgr 5 +1®5, 5 +Co).  (4.30)

Changing to 4, = %é and after some additional computations of the previous type,
the a priori estimates for the v,- and v,-terms also follow in the ’,—,Vd%—setting.

Withg;andh;, j = 1,2, 3, defined immediately after (4.7), it follows that ®}
is bounded in L2 uniformly for small § > 0. Namely, the hydrodynamic estimates
follow from (4.27-30), whereas (4.5) after multiplication with CD% and integration
implies that

~ 1
| 92d), h< C(dp),
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where by the uniform in § bounds on @, the constant in the right hand side is
independent of §. As an end result

| 920 < C(Ppy, D), (4.31)

uniformly in §. A similar analysis with similar results can be carried out for the
space derivatives of ®}, which satisfy equations of the type (4.5-7) including some
additional already known terms. By the Sobolev embedding theorem it follows
that the moments of ®} in velocity space are bounded and continuous together
with their space derivatives. (Obviously the above analysis can also be used for a
contracting iteration construction of ®J.)

5. THE REST TERM

With the same change of variables as in Section 4, namely from (r, z) €
(1,7p) x (=5 rp=l v 1) to (s, Z) € (—m, )?, we will for the iteration procedure
for the rest term be 1nterested in the case when the new unknown F(s, Z, v) :=
F(ns + ’BH ,nZ, v) solves

8F dF
+v.— + qu(s)NF =

e 7 (LF + 2), (5.1)

mla

where v(s) = m The control of the hydrodynamic moments will again be
obtained by Fourier series expansions. Write (in the new variables) the Fourier
expanded density function F as

F(s, Z,v) = Z o (v)e! D),
(n,j)eZ?
The hydrodynamic moments Fy, Fy, F., F,, and F, become
F()(S, Z) — ngjei(nerjZ)’ F4(S, Z) = Zmzjei(ns+j2)’
(n./) (n.j)

Fu(s,2) = Zu;u'ei(ns-‘er), Fyls, 7) = Z W OS2,
(n.)) .j)

ﬁ'z(& Z) = Z ulzu'ei(nsHZ)’
(n,7)

where
my = (@Y, 1), my =@, ),
= (anj7 w”)v uzj = (anj1 w@)v u;lj = (anjﬂ l)bZ)'
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Recall that («, B) denotes the scalar product | a(v)B(v)M(v)dv, and notice that
= 0 duetothe symmetryF(s Z, 0,09, 0;) = F(s —Z,v,, vg, —V,).Setd =

(F (r —0) — F(—m + 0))5- 5— with d/ its j’th Fourier coefficient in the Z-direction.
Denote by A := (v 4, ¥4) and by Q = I — Py, and write

e(Z,v):= % ((vl:")(n —0,Z,v)— (WE)Y -1 40, Z, v)) = Zej(v)e’jz.
jezZ
Set

. 37 . . _ . _
AV = =2 (g v,) — 3j(g, vv.B) + n(g", 202 — v2 — v2)B)
€

—ine(—=1)"d’ +3i(— 1)"d] —3ije(—=1)"d’ 0B

v (2v2—v2—v2)B
—ien’(Qu,(2v] — v; — v2)B, Qo) — ienj(Qv.(2v} — v —v))B, Qa™)
—3ienj(Qv?v.B, Q) —iej*(Qu, v’ B, Qa™)

_enn(VF)v (21)2 71) UZZ)B 3677](VF)(U2 v + 31.77(1)]?'):1}’];_”2’

. 37 . . _ . _
AY = =g vy + (g, v — v2 — v2)B) + 3n(g" , v, B)
€

—3ine(—1)'d’, ; —ije(—1)"d’

r +3i(—1)'d’

v (202 —v2—v2)B
—3ien*(Qvv. B, Qa™) — ienj(Qu,v? B, Q™)
— ienj(Qv,(sz — v2 — vg)l_?, Qa"y — iosjz(QvZ(2v2 — v2 — vé)é, Qu')

—3677’1(VF) (w2— v GT’U(VF)U( v2—v, +2v2)B +ln(VF)v v,

Lemma 5.1. Let F be a solution to (5.1). Denote by €| = 5. For (n, j) # (0, 0),

nA, + jA.

. 4 4 o
mof — —gwl(g J’ l)—|— gwl(—l) drj + W

wl(vF)'U
2 1 ; ij . - n .
- nj -5 nj J nj7 zA _ nj
+[A(n 2472 ( (& 0" )+l e S + €1 (8" v:A) € v8), 1
="

€]

d] sy — (V) —i(=1)'jd] o+ n(=1)el,

+n*(Qup 4, Qo) + j*(Qv2 4, Q) + 2nj(vyv: A, Qo)
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_inn(VF)Zg—u,Z — inj(vﬁ’)ﬁ-r/ + ln](vF)v v

PO FY i FYL = i By ). (5.2)
; 1
nj __ 2 nj
4 ‘W—m< z<g"’ v —5)—1_ ga~ (g"’ va)+—<vg>
L,

to—d] o i) nd) (1) (=1,
—n*(Qu2 A, Qu") — jA(QvA, Q) — 2nj(v,v. 4, Qa™)

+innFY] +injOFY], —imj Y]+ eR)y,

—inn(EY ;+ 0 YL (5.3)
W= (@)~ @ v B) L. vy B)
6 w](n2+j2) 612 s Vo € s Ur Vo € s Vg Uz
—2— ( Q)" + S (—l)"a” 2 +ij(=1)"d’
‘Ul)gB € ro n lj v, V90 B

+2n(=1)"e),, 5 —n*(Qvive B, Q™) — j2(Qugv? B, Q™)

= 20j(urvpv. B, Q)+ imn WYY, 4 dinjF)Y,

+2inn(ul~7)3§v6 5 2n(\/ﬁ)jj 272 (V2 F)U " B) (5.4)
. i LA nj
: 1 n . —J AN +njA; . o~ .
=~ (g 1 e L —1y'd’ Fyv ],
U, n2+j2( El(g )+ SamE+ ) +n(=1)"d} +nn(v )v,.>
(5.5)
; ; J (oni njAY —n?AY L
W= — @V )+ T (=) +j(wEF)Y ).
S ( Gl(g ) w1 ) JED 4 nj(vE)y

(5.6)

Proof of Lemma 5.1:  This is proved similarly to (4.10-14), only simpler. O
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Lemma 5.2. Let F be a solution to (5.1). Then for n small enough,

00 00 00 00 00
Imo |+ 1mg | +1ug [+ 1w |+ u; |

1 ~

vT2 . Fy |~ .

< |g||2|2+| gl|2+|SF|N+| b | nl Flb).
€] €] V€l

Proof of Lemma 5.2:  Again the proof is related to the corresponding arguments
in Section 4. For (n, j) = (0, 0), it holds that

1 T 1 - ~ .
00 __ § n0 in
o —E‘/indz E(F(ﬂ_o)‘i‘F(—?T‘}‘o))_ #Oa e 4

A= o, (5.7)
n#0

where A = L (7 dZ(F(r — 0) + F(—m + 0)). First,
1 _
O‘O?A = ﬁago'/vazAMdv ~|—ozi°v3/1.

vy

A multiplication of (5.7) with Mv? 4 and v-integration gives
o)y =Api— ) a1
n#0

To proceed, take the scalar product of (5.1) with v. 4 and identify the Fourier
coefficients,

(—1)”41’521‘I +in(uid, V) +ij(vA, o)+ n(Es_)"
1 . . -
= E—((vr(vz —35), ")+ (g¥, v, A)). (5.8)
1
Also take the scalar product of (5.1) with v?> — 5, and identify the Fourier coeffi-

cients,

—i(=1)'d) a_s) + 10, (0 = 5), @) + j(v-(* = 5), &)

i : ~ i
——(@", v =5 +enF)) . ) (5.9)
€1 "

Moreover, (5.1) writes

Jd  ~ d o ~ ~ 1 N
v —WF) +v.—OWE) — vV F + W’ NF = —(L(vF) 4+ vg),
as 0Z €1
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so that
i(nv, 4+ ju)VE)Y 4+ (=1)'vee/ () — v, (V' FYY + (v’ NF)Y
= SR+ 0
where

e(Z,v) = % (WEYr =0, Z,v) = WF) (=7 +0, Z,v)) = »_ e/ (v)e'”.
JjezZ

Taking the scalar product with v, 4 leads to
(—1)'el, ; + in(} A, WEYT) + ij(vv- A, 0FY) = (w4, (v )7
. . 1 o - .
+ (0 Fp_g) = — ((0(0* = 5), WFY) + (v 4, (v)")) . (5.10)
; €

By (5.8-10) for n # 0,

1 i 1y
0 _ 0
“33/1 = _efnzgg -5 ng,A en? U,(vz 5)
(=1) 0 n ~\n0 N ~n0
+i » dvrzg - 61n2 (VF)Z,-(v275) + l;(VF)Zg—Uz
1 i 0 n 0
= ~ a2 g s — ;g’;g + n_z(Vg)Z/,g
( 1" (= 1)” ( 1) o
Elnz —d, s 1 dZA 2 Cuid
+i;(v1?")g§ 2= z—(vF)vz o
+ A Y - —(v Py
n2 (U v,? 1 1)2—1)

From here, using

~ 1
0 00 _ Lo
dy sy TNOVEF), sy = e_lg(uzfs)’

it follows that

3 + +1FL

1
+ + | D72
| m |2§C(lgo 2+1lgala nlg la+| gLl
61 €1

+|SF|~+|Fb|~+n|F”|).
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Since
m% — aoo \/Emoo _ g% ( o
0o — 3 1r2 - v? UgB J_v v9B’’
_ § : n, n0 00 _
= Ar - (_1) U, u, = —((Xuzv B O[vav B)
n#0

similar inequalities can be obtained for mgo, ugo, u, , and u 0 and the lemma
follows. O

Proposition 5.3. Let ﬁ%ﬂ e L™ be given. Then there is 19 > 0 such that for
n < no, the solution F in W?~ to

oF + oF +nuNF
v,— +v.,— +nv =
ds az "

satisfies
1 ~ 7’)2 n ~
| D2F 2= c (— L& l2 +— |57 2g1 |2 +\/g | Fp |~>- (5.12)

Proof of Proposition 5.3: Consider first the case where 8 = 0. As in the axially
homogeneous case, Green’s formula and the spectral inequality for L imply that

(iﬁ—i—ef(ﬁ,ﬁ)—i—g),ﬁ/amzﬁb, (5.11)

YIS

€| SF P 4|9 FL B<e( v i, B +/(g“, Fytealfyl2). (.13)

Then Lemmas 5.1-2, Parseval’s identity, and (5.7) imply that

X lgih o 2gllh | F Sy .
| Byl 812 12 8L SIS EL 4 Byl ).
€] €] €1

And s0 (5.12) holds in the B = 0 case. The case B # 0 for g with g in the rh.s
can be considered as the case 8 = 0 for g + €J(F', B) in the r.h.s. And so,

~ VT2 +eJ(F, 1 ~
y SC<|gu2|z e TE L |~)
€] €] VA

1
lgrl 1972g1 |2 1 . L
<c| 22+ b | By e A0 | 92F 2] 928 | | -
€] €1 €1

I\)"—‘

Since | Fj || T)%FH |2, the result holds for 1 small enough. O

We can now give a
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Proof of Theorem 1.2: Given the asymptotic expansion ¢ of Section 4 and its
bifurcation point, the aim is to prove the existence of a rest term R, so that for the
parameters near the bifurcation point, there is an axially periodic solution

f=M(1+¢+€eR)
to (1.1-2) with M~' f € L. This corresponds to the function R being a solution
of the same type to

1. . .
DR (LR +2J(R,9)+€J(R,R)+1).

€
In Sections 3 and 4 a third order asymptotic expansion in € was constructed in a
82-neighbourhood of the bifurcation velocity ug 4, With correct boundary values
up to e-order three, and so that / - the ¢-part of the equation — is smooth in 7, z
and of order € in L. Here the bounds on the ®*-term may be obtained in the
same way as those for ®? in Section 4. Notice that &/ can be constructed so that
D®/ = (I — Py))D®/, hence that] =1, .

Let the sequences (R"),c v be defined by RY =0, and

3
1. . A
DR = — | LR +2) "/ J(R™, @)+ g" |, (5.14)
€
Jj=1

R"1(1, v)
In (5.14-15)

R,(), v, >0, R"™ (g, v)=Rz), v <O. (5.15)

g"=€e*J(R", R") +1,

3
2 . .
€R (V) : = o= T ] — Ze-’CD-’(rA, v), v >0,
j=1
€Rp(v): =0, v, <O,

with R, = (R4, Rp) of e-order three. O
For the rest term iteration scheme (5.14—15) the following holds.

Proposition 5.4. Fore > 0and small enough together withn = rg — r 4, there is
a unique sequence (R") of solutions to (5.14-15) in the set X := {R; | DR g < K}
for some constant K. The sequence converges in L4 for2 < g < oo, to anisolated
solution of

1. . -
DR=-(LR+€J(R,R)+2J(R,¢)+]), (5.16)
€

R(1,v) = R4(v), v, >0, R@p,v)=Rp(v), v <O. (5.17)
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When € tends to zero, the corresponding hydrodynamic moments converge to
solutions of the limiting fluid equations at the leading order €.

Proof of Proposition 5.4: The existence result of Proposition 2.2 holds for the
boundary value problem

3
Df:é Lf+2) J(f.o)+g|.

j=1
f(1,v) = R4(w), v, >0, f(rp,v)=Rp(), v <O.

Rescale in space to (—7, 7)? and consider the approximation (5.14-15) in the case
n = 0 with g° = I. As discussed before (5.14), this g° = gY is of order €* in L,
and

|57 oo + | Ry |~ < 1€,
for some constant ¢;. By (5.12) and (2.20) it holds that for some constant c;
| 92R" [, < creame®, | 92R! | < 2c10ame, (5.18)
for n and € small enough. Let us prove by induction that
| 52 R" | < dcrcae,
| D2(R™ — R") |, < 2c100¢ | D2(R" = R" ) [, n=1. (5.19)
Forn = 1, R* — R! satisfies

3
L(R* =R +2) e/ J(R* - R, &)+ eJ(R'. RY) |,

j=1

D(R*—RY) ="
€
(R2=RYr4,z,v) =0, v, >0, (R>=RYrz,z,v)=0, v, <O,
so that, by (5.12),
| 53R2 =R |2 < can | HJ(RVRY Iz .
Recall that for any g € L® resp. h € L4,
|53 J(g ) |y < o3 | D3g Lol D20 1, - (5.20)
Hence
| 53(R* = R) [y < ernfPe | 93(R' = R%) I,
for n small enough. If (5.19) holds until #, then
|52 R oo < [ D2(R™! = R") oo+ -+ | D2 (R' = R) |
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C
< ;“u PR =R |y 4+ | 92(R" = R%) )

< dcicze,

for n small enough. Then R"*? — R"*+! satisfies

3
D(Rn+2 _ Rn+1) — l Z(Rn+2 _ R/H—l) + 2Z€jj(Rn+2 _ Rn+1’ @f)
€
Jj=1

+Ej(Rn+l + Rn, Rl’H—l _ Rn))

(R"2 — R"™"Yory,z,v) =0, v, >0,
(R"? — R""Yrp,z,v) =0, v, <0,
so that by (5.12) and the bound on | 92 R" | and | D2 R"*! |,
| D3R — R™) |y < ean( D2 R oo + | D2 R" o) | D2(R™' — R") |5
< 2cic0e | D2(R™ — R |,

for € and 5 small enough.

And so (R") converges for sufficiently small > 0 to some R, solution to
(5.16-17)in L for ¢ < oco. The contraction mapping construction guarantees that
this solution is isolated.

It finally follows from the above proof that, when € tends to zero, the hydro-
dynamic moments converge to the (Hilbert type) solutions of the corresponding
leading (first) order limiting fluid Taylor Couette equations. O

End of proof of Theorem 1.2: The theorem is now an immediate consequence
of Proposition 5.4. O

6. POSITIVITY

Write f = fT — f~ with fT = max(f, 0)and f~ = max(— f, 0). This sec-
tion looks into the positivity of the isolated solutions to (1.1-2) obtained in the
previous sections. Suppose f satisfies the related problem (6.1-2) below. Then
f~ =0by Theorem 6.1, and f = ™ is a non-negative solution also to (1.1-2).
If the contraction mapping approach used above could be extended to the con-
struction of suitable solutions for the problem (6.1-2), then as a consequence,
any solution from the previous sections would coincide with such a non-negative
solution.
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Theorem 6.1. Let Q be a bounded set in R" with smooth boundary, and f; a
nonnegative function defined on Q. If M~ f € L®(Q x IR*) and f solves the
boundary value problem

U'VXfZ Q(f+7f+)_MZ(M71f7)’ (X,U)EQX]RS, (61)
f=1f, oQT, (6.2)

then f~ =0, and f = f* solves the corresponding boundary value problem for
the Boltzmann equation,

vovef = 0(f /). QxR
f=fe Q"

Proof of Theorem 6.1: The function ' = M~! f satisfies
v F=J(FY FOY—L(F7), F=M"f,, Q.
Define J* and J~ by J(¢, ¢) = J (¢, ¢) — J (¢, @), where

T e, 9)(v) : = / v — . P O Mg pdvedo,

T o) = 0w [ 10, 1 bO)Map.dv.do.
Also, F~ satisfies
—v- VP = xppo(JHFT, FY) = L(F)), (6.3)
F~ =0, Q"
Multiplying (6.3) with —M F~, integrating on € x R* and using that
—/MF_XF-#)E(F_)dv = —/MF—Z(F—)du
> c/Mf; | (I — P)F~ | dv,

implies that

1
-/ |v.n|M(F—)2+c/ My | (I — P)F~ ?
2 Jaq- QxIR3

< —/.MF_XF#OJJF(FJF, FHy<o.
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It follows that
F~=00ndQ", L(F)=0.
And so, F~ satisfies
F~ =0, 9Q UIQ"Y, v -y, F <0.

This implies that F'~ is identically zero. O

Corollary 6.1. [f there is a solution f to (6.1-2) in the ball of contraction of
the proofs in Section 2 or Section 5, then f~ = 0 and f = f7 is the unique and
strictly positive solution in that ball of the boundary value problem (1.1-2).

Proof of Theorem 1.3: We shall end by a discussion of Maxwellian molecules,
for which there is indeed a solution to (6.1-2), i.e. the hypothesis of the corollary
holds, and start with the axially homogeneous situation of Section 2. Set ¥ =

Xjpj<e-t and denote again by ¢ the asymptotic expansion of order two,

2
o, v) = ZeiCI)i.
i=1

In the frame of this paper, if the terms in &', 1 < i < 2 are polynomially bounded
in the v-variable, with bounded coefficients in the r-variable, then for € and %
small enough and positive, it would hold that

2
1+xc1>=1+x<zeic1>"> > 0. (6.4)
i=1
The required bounds follow from the previous discussion of the terms in ¢ except
A, B-terms in ®2 and ®3. But it is well known that also the 4 and B terms are
polynomially bounded in the Maxwellian case (see ref.®)) Notice that the L7-norm
of (1 — y)® for any ¢ is of arbitrarily high order in €.

Using the approach of Section 2, the positivity under the cut-off s in (6.4),
and the corresponding splitting

S =M1+ x¢+e€R),

lead to a nonnegative solution of (1.1-2) with M~! f € L™ as follows. Namely,
the rest term R should be a solution to

1,. Lo L
DR =—(LR+2J(R, 5¢)+€eJ(R,R)+]), (6.5)
€

where

-1 . ~
I=— (LX) + J(X9, X9) — €D(79))
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and

2
R(r,v) = R(r,v) when €R(r,v)> — (1 + XY €D, v)) ,

i=1

) 2
R(r,v) = - <1 + 5 ZeiCI)i(r, v)) otherwise.

i=1

Here [ can be decomposed as [, with the same properties as / in Section 2, and
Iy which in L7 is of arbitrarily high order in €. The approximating sequences
(R")pen and (R"),c v are defined by R%=R%=0, and

2
1{. e .
DR — Z I prl +2§ efJ(R”“,)ZCDJ)—I—g" , (6.6)
j=1

R"™(1,v) = Ry(v), v, >0, R"™ @z, v)=Rz), v <0, (6.7)

with
g" i =€J(R",R") +1,
€R4(v) : = eV TUA _ | _ 5Dy, v), v, > 0,
€Rp(v): = —xP(rz,v), v, <0,
and

2
R"(r,v) = R"(r,v) when €R"(r,v)> — (1 + X Zeicbi(r, v)) ,

i=1

2

_ 1 o

R'(r,v) = —- <1 +x ZE’CD’(r, v)) otherwise.
€ i=1

From here the only difference with respect to the contraction mapping analysis

of Section 2, is related to the appearance of a term gﬁ of arbitrarily high order,

and of factors R” instead of the previous R” in J. Proposition 2.2 is not changed
by the replacements R. Arguing similarly to the previous cases, the contribution
to the a priori estimate (2.19) due to g| gives rise to an extra term | g |, € !,
hence

1 ~ 1 ~_ L _ ~_L
€2 |SF |~ + | D1FL h<c(| P 2gL h+e ' | D72g) o +€ | Fy |2
e | Fylo). (6.8)
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For the hydrodynamic part the proof of Proposition 3.1 from ref.(") is essentially
unchanged in the present situation (with the R-terms included in g, and without
the here unnecessary switch to R_). The hydrodynamic estimate (2.23) follows.
We turn to the existence proof for (6.5), (6.7). In the new situation the
contraction mapping arguments from the proof of Proposition 2.5 still hold. That
leads to an isolated solution for (6.5), (6.7) which defines the positive solution
of Corollary 6.2. The solution lies in the same ball of contraction as the solution
constructed in Section 2, so they coincide and the solution of Section 2 is positive.
That completes the proof of Theorem 1.3 in the axially homogeneous case. The
axially symmetric case for Maxwellian molecules is similarly proved. O

Remark. This positivity analysis with some further technical steps added, also
holds for Maxwellian molecules and the solutions obtained in ref.(') The only
obstacle for extending the above approach to hard forces is a lack of growth
estimates at zero and infinity for certain terms in the asymptotic expansion ¢, like
the terms v, 4 and vyv, B.
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